We use the Dirac equation to study the mass spectrum of mesons with heavy-light quark combinations. First we study the Dirac equation with spherically symmetry and funnel potential, and apply them on the hydrogen-like atom problem to check the correctness of our numerical program. Then we test the parameters in Olsson's paper [1] . We show that Olsson's parameters are good in fitting the averaged central mass, but fail to get correct energy fine splitting. Finally we fit the mass spectrum data of D, Ds, B and Bs mesons with our parameters by solve the Dirac equation and funnel potential, calculate the energy splitting of the S and P states. Our parameters can fit the mass and fine splitting with errors in less than 7M eV .
Meson Mass Spectrum Question
In the standard model, a meson is composed of a quark and an anti-quark, bound together by the strong interaction. Through the studying of the mass spectrum of mesons, we can demonstrate the correctness of the quantum fields theory, and predict the particle's mass that has not been found yet in the experiments.
Many articles had studied the meson mass spectrum problems and got many very good results [1] [2] [3] [4] . Most authors used the Schrödinger equation to solve the problem. Their treatment is accurate enough for the heavy mesons, which are composed by two heavy quarks and moving slowly, thus may be treated non-relativistically. Let's take an estimate. If we think the mass of a meson is the combination of the total mass, kinetic and potential energies of the two composition quarks, the binding energy (kinetic + potential) is calculated and listed in Table 1 . The constituent mass [5] We should point out that the quark's mass we used here is the constituent quark mass, which is the quark's current mass plus the mass of the gluon fields and sea-quarks, as the effective quark mass of the valence quark. The current quark mass means the mass of a quark itself only. Values of the composition mass and current mass differ greatly. For example, proton's mass is about 0.938 GeV. The rest current masses of its three valence quarks are only about 0.011 GeV each. But we can treat the mass of each up or down quark with constituent mass as large as 0.30 GeV.
In a charm meson, there are two quarks, with m c ≫ m u,d . So we may simplify the problem by treat the heavier quark's mass as infinite. Then the problem is reduced to the light quark moving in the funnel potential that created by the heavier quark. Solving the Dirac equation with the funnel potential, we can get the eigenenergy of the light quark in the funnel potential. Because of the Dirac equation includes the light quark's spin-orbit interaction, the eigenenergy will reflect the splitting of the S and P states. The influence of the heavier quark is treated by adding its mass in the spin dependant force. The total mass of the meson can be expressed as:
that's the sum of the masses of the two quarks m q1 and mq 2 , eigenenergy of the system E, and the hyper-fine energy splitting ∆.
M. G. Olsson [1] shows that the Dirac equation can be used to get a good fitting in the average mass spectrum. But he did not calculate the fine structure splitting.
D. Ebert, V. O. Galkin and R. N. Faustov [2] use Schrödinger equation with relativistic potential to solve the mass spectrum and calculate the fine splitting. They point out that in the spin dependent potentials, we should use 1 eigenenergy , instead of use 1 mq in Eichten and Quigg's paper [3] to get energy splitting. In this paper, we will solve the Dirac equation numerically to fit the meson's mass spectrum of the heavy-light quarks combination system, such as D, D s , B and B s , and calculate the spin-orbit energy hyper fine splitting. Our result will be compared to the experimental data.
Dirac Equation with Spherically Symmetry
The Dirac equation for free particle is
If the potential has spherical symmetry, and can be written as a combination of Lorentz scalar part V s (r) and vector Coulomb potential V v (r), then the Dirac equation can be written as [6] [7] [8] :
with the solution has the form like
in which y jjz is a two component generalization of the spherical harmonic functions Y l jz ,
The number k is
in which the ± sign is
Thus the coupled equations for the radial functions are
Notes that the angular dependent variables have been removed, and only two radial coordinate dependent functions f and g are left in the equation. By solving the equations (9) and (10), we will get the energies and eigenfunctions of a relativistic particle that moves in the central potential.
Potential inside Meson

QCD One Gluon Exchange Coulomb-like Potential
Quantum Chromodynamics (QCD) describes the strong interaction among quarks and gluons. The Lagrangian density in QCD can be written as:
in which
where q f is the quark field, g s is the strong interaction coupling strength, T a are the generators of the color SU (3) group, ε abc is the structure constant of the su(3) Lie algebra, and A µ is the SU (3) color gauge field.
Effective potential is used to study the bound states of the quarks in mesons. The one gluon exchange Coulomb-like potential [10] between two quarks is
Funnel Potential
At large distances, there should exist a confine potential that describes the color confinement. Unfortunately, till now, the color confinement can not be derived from the QCD first principle. So we may add it in "by hand". The commonly used Cornell confinement potential [4] [11] [12] is
which will make the combination of the scalar V s (r) and vector V v (r) potential has a funnel shape. The spectrum obtained with the funnel potential is in good agreement with experimental data for the light and heavy mesons [1] [2] [3] . Typical values for the parameters are a ≈ 0.2 GeV 2 , and α s ≈ 0.2 ∼ 0.3.
Spin Dependant Hyper-fine Energy Splitting
In QED, the relativistic Dirac equation describes two or more massive spin 1/2 particles interacting electromagnetically. The perturbation QED formula of the fine splitting includes spin-orbit interaction (L ·S), spin-spin interaction (s i ·s j ), and Breit spin-spin tensor interaction (
Within the framework of QCD, there are similar potentials. If the Schrödinger equation is used to solve the mass spectrum problem, the spin-dependent hyperfine energy splitting to the first order of α s can be written as [3] :
with
Now we use the Dirac equation to solve the mass spectrum. The energy splitting terms in equ. (16) and (17) should be modified a little bit. In the nonrelativistic limit, p = mv << mc. If we let V s = 0 and V = V v , the Dirac equation (4) and wave function (5) will be reduced to:
Compare to the Schrödinger equation, the non-relativistic limited Dirac equation (19) 
There is a trick in calculating the ψ(0) 2 term in equ.(21). It can be replaced by the production of the wave function and a δ function: δ(r)ψ(r) 2 . The δ function can be defined as
which can be easily integrated numerically. By adding the spin dependant part (15) with (20) and (21), into the solution of equ. (9) and equ.(10), we will get the meson spectrum with fine structure energy splitting.
Numerical Results for the Mesons
We will use the double shooting method and Runge-Kutta 4th method to solve the Dirac equation. Because the Dirac equation for the hydrogen-like atom has exact analytical solution, we first run our program on the hydrogen-like atom case to test whether our code works or not. The test results are shown in Appendix A, that we can get up to 10 −5 accuracy. Next we run with Olsson's parameters and the funnel potential to compare to Olsson's [1] results, which are shown in Appendix B.
Finally with the funnel potential
we solve the Dirac equation numerically with our own parameters. Because meson has a confining part of potential, the wave function tends to contract to the center. So the system will be smaller in scale than the hydrogen-like atom, which does not have a confining part. According to our test, we choose the boundary condition as
and
The radial part of the wave functions will be normalized with the Simpson's integration rule to one,
The fitting method is done by inputting two mesons masses as initial values to determine the parameters in the expression (15), equ (9) and (10) . Then use the trial parameters, input configuration parameters of an unknown meson, to get the mass of that unknown meson.
After many trials, we find out the following set of parameters can fit the meson's average mass and splitting very well. 
Our fitting results are listed in Table 2 , in which the particle's experimental mass are from the PDG [5] book. Spin averaged mass is calculated by taking the S and P states. Then we use the fine structure formula (15) to calculate the energy fine splitting that are listed in the column "Numerical splitting mass". For the P states, by intentionally choosing parameters that let the spin average mass does not sit between the 1 P 1 and 3 P 2 states, but let the average mass lower than both of the 1 P 1 and 3 P 2 states, we can get good fittings for their splitting. The errors for S states are about 1 M eV , while the P states errors are less than 7 M eV .
We also calculate the average values of r, r 2 , r −1 and r −2 , which are listed in Table 3 . In our model, the wave functions are related to the light quark's mass, but not to the heavy quark's mass.
Discussion
By using our set of parameters (29) 
In the non-relativistic limit, assume the exchanging gluon's energy is small, then E p ≈ E q . By using E 2 = p 2 + m 2 , we can get
That means when we use confining potential V conf in the Dirac equation, it is equivalent to the confining potential m E V conf in the Schrödinger equation,
So the relation between the parameters of "a" in the Dirac equation and the Schrödinger equation is Dirac: a ⇐⇒ Schrödinger: m E a.
Let's take an estimate. For the D meson, using our parameters (29), M average = 1.975 GeV, m u = 0.28 GeV, m c = 1.095 GeV, so the eigenenergy is 
That means the parameters of "a" in the Schrödinger equation is
which is in the range that people used with the Schrödinger equation. 
Appendix A: Numerical Results for the Hydrogenlike Atoms
The hydrogen-like atom is defined as a particle moves in the central Coulomb potential. We can use its analytical solution results to test the correctness of our numerical program.
For the hydrogen-like atom with a Coulomb central potential
the exact Dirac solution [7] [8] is
where
We use the following parameters in our numerical code.
Because the hydrogen-like atom does not have a confining part of potential, the wave functions tend to extend far away from the center. So the system will be large in scale. In our numerical program, we should set a large region to solve the problem. According to our test, we choose the boundary condition as
Both of the numerical and analytical results are listed in Table 4 . It shows that our numerical program works very well, that there are no differences among the numerical and analytical results of the eigenenergy to the precision of 10 −5 . We also calculate the average value of r, r 2 , r −1 and r −2 , which are listed in Table 5 
with the potential
We solve the Dirac equation with Olsson's parameters(44). Our fitting results of the meson's mass spectrum for both center average mass and energy 
splitting are listed in Table 8 with Olsson's parameters. The results show that we can reproduce the spin average center mass values, which are listed in Osson's paper. Because we have the parameter b, which is the width of the δ function, we can get good results for the fine splitting of the S states by adjusting the values of b. On the other hand, the calculated values of the splitting for the P states are unfortunately not so good, with the errors are around 90 MeV. Table 5 : Average value of r and r 2 of the hydrogen-like atom. Exact Dirac (column "Exact(D)") and Schrödinger (column "Exact(S)") solutions are also listed for comparison to our numerical results. 
